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Multielement order separability in free products
of groups 1
Vladimir V. Yedynak
Abstract
We introduce the notion of multielement order separability and study
this property for free groups and free products.
Keywords: free products, residual properties.
MSC: 20E26, 20E06.
1 Introduction.
Definition 1. We say that a group G is n-element order separable if, for each
elements u1, ..., un of G such that ui and u
±1
j are not conjugate for i 6= j, there
exists a homomorphism of G onto a finite group such that the orders of the
images of u1, ..., un are pairwise different.
It is easy to see that, if a free product of two groups is n-element order
separable, then the free factors are k-element order separable for each k 6 n.
The converse is not true for n > 2. For example, the infinite dihedral group
〈a〉2 ∗ 〈b〉2 is not 3-element order separable.
So, we require additionally each two nontrivial elements from different free
factors not to have equal finite orders. It is known that free groups are 2-
element order separable (Equations over groups, quasivarieties, and a residual
property of a free group, Journal of group theory 2: 319-327), and, moreover,
this property is inherited by free products (Separability with respect to order,
Vestnik Mosk. Univ. Ser. I Mat. Mekh. 3: 56-58).
It was proven that free metabelian groups are 2-element order separable,
but this property fails for free 3-step solvable groups (Elements with the same
normal closure in a metabelian group, The Quarterly Journal of Mathematics
58(1): 23-29).
Theorem 1. Any absolutely free group is n-element order separable for
each n.
Theorem 2. Suppose that groups A and B are periodic and n-element
order separable for each n. If |a| 6= |b| for any a ∈ A \ {e}, b ∈ B \ {e}, then the
group A ∗B is also n-element order separable for each n.
Theorem 3. If groups A and B are n-element order separable for each n
and |a| 6= |b| for any a ∈ A \ {e}, b ∈ B \ {e}, such that |a| < ∞, |b| <∞, then
the free product G = A ∗B is 3-element order separable.
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2 Notations and definitions.
Suppose that G = A∗B, where A and B are finite groups. Consider an oriented
graph Γ with the following properties:
(1) For each vertex p and each c ∈ A∪B \{1}, there are exactly one oriented
edge labelled by c and starting at p, exactly one oriented edge labelled by c and
ending at p.
(2) For each vertex p, the maximal oriented connected subgraph A(p) con-
taining p, whose edges are labelled by elements of the group A, is the Cayley
graph of the group A with respect to the set of generators A. Similarly, for each
vertex p, the maximal oriented connected subgraph B(p) containing p, whose
edges are labelled by elements from the group B, is the Cayley graph of the
group B with respect to the set of generators B.
If e is an edge of the graph Γ, then Lab(e) denotes the label of e. If s = e1...en
is a path in Γ, then Lab(s) = Lab(e1)...Lab(en) denotes the label of the path s,
α(s) = α(e1) is the beginning of e1, ω(s) = ω(en) is the end of en.
Definition 2. Let x ∈ G be a cyclically reduced element not belonging to
A ∪B. We say that a closed path e1...en whose label equals x
k is an x-cycle if
Lab(eil+1...eil+l) is the normal form of the element x, where l is the length of
the word x, i is an arbitrary positive integer, and indices are modulo n. The
number k is called the length of this x-cycle.
Definition 3. If two different edges of a cycle lies in the same subgraph A(p)
or B(p), we say that this cycle has close edges.
Let Γ be a graph with Properties (1), (2). Take a set of vertices S in the
graph Γ. Consider an arbitrary function f : S → {A,B}. Consider t copies
∆1, ...,∆t of Γ. Let vi ∈ ∆i be the vertex corresponding to a vertex v ∈ Γ,
let qi ∈ ∆i be the edge corresponding to an edge q ∈ Γ and let Si be the
set of vertices of ∆i corresponding to the set S. For each i ∈ {1, . . . , t}, for
each edge q starting or ending at a vertex from S and each p ∈ S, we delete
edges labelled by the elements of the group f(p) whose end points coincide
with pi, if qi starts at pi, ends at vi and Lab(qi) ∈ f(p) connect the vertices
pi and vi+1 (subscripts modulo t) by an oriented edge starting at pi whose
labell equals Lab(qi), if qi starts at vi, ends at pi and Lab(qi) ∈ f(p) connect
the vertices pi and vi+1 (subscripts modulo t) by an oriented edge starting at
vi+1 whose labell equals Lab(qi). Let S = {s1, . . . , sk}. The obtained graph
γt(Γ; s1, . . . , sk; f(s1), . . . , f(sk)) satisfies Properties (1), (2).
The group G acts on the right on the set of vertices of the graph Γ with
Properties (1), (2) by the following way. If a ∈ A and p is a vertex of Γ then
there exists exactly one edge h starting at p and labelled by a. Put p ·a = ω(h).
(Here and in what follows, α(h) and ω(h) denote the start and end points of an
oriented edge h.) The action of group B is defined similarly.
In what follows, having a homomorphism ϕ of the group A ∗ B we always
assume that the Cayley graph of the group ϕ(A∗B) is constructed with respect
to the set of generators ϕ(A ∪B).
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3 Auxiliary Lemmas.
Lemma 1. If G = A∗B, where the groups A and B are finite, w1, ..., wk ∈ C\e
(throughout this paper, C denotes the Cartesian subgroup of the free product
of groups A and B), and p is a prime number, N is a positive integer, then there
exists a homomorphism ϕ of G onto a finite group such that, for each i, ϕ(wi)
is a p-element and |ϕ(wi)| > p
N .
Proof.
Since C is a free group, there exists a homomorphism ϕ1 of C onto a finite
p-group such that ϕ1(w
j
i ) 6= 1 for i = 1, ..., k, j = 1, ..., N (Foundations of group
theory, Nauka, theorem 14.2.2). Put N = Ker ϕ1. Consider the subgroup
N ′ = ∩g∈G(g
−1Ng). Then N ′ ⊳ G, |G : N ′| <∞ and the order of the image of
wi in the group G/N
′ is a power of p which is greater than N for each i. The
natural homomorphism ϕ : G −→ G/N ′ is as required.
Lemma 2. Suppose that G = A∗B, where A and B are finite groups. Let
S be the finite set of elements, such that for any u ∈ S the following conditions
are satisfied: u is a nonunit cyclically reduced element of the Cartesian subgroup
C, furthermore u = u′m, where u′ is not a proper power and if m > 1 then for
each m′ 6= m such that m′|m u′m
′
/∈ C. Then for any prime p there exists a
homomorphism ϕ of G onto a finite group such that for each u ∈ S ϕ(u) is a
nonunit p-element, and all u-cycles in the Cayley graph of ϕ(G) have no close
edges.
Proof.
Consider a prime p. Fix an element u of S. Put u′ = y1...yn — the normal
form of u′. Fix µ, ν such that 1 6 µ, ν 6 n. Fix also z ∈ A ∪ B. We consider
that if z = 1 then µ 6= ν + 1 and ν − µ < n− 1.
If µ > 1 then µ′ = yµ...yn otherwise µ
′ = 1. If ν < n then ν′ = y1...yν
otherwise ν′ = 1. Consider an element χz,µ,ν = ν
′zµ′. It is easy to see that
χz,µ,ν /∈ 〈u
′〉. Let us to prove that there exists a homomorphism ϕz,µ,ν of G
onto a finite group such that for each w ∈ S ϕz,µ,ν(w) — nonunit p-element,
ϕz,µ,ν(χz,µ,ν) /∈ 〈ϕz,µ,ν(u
′)〉, and |ϕz,µ,ν(u
′)| = m|ϕz,µ,ν(u)|. Lemma 1 shows
that there exists a homomorphism ϕ1 of G onto a finite group such that ϕ1(w)
is a nonunit p-element for each w ∈ S. It is obvious that |ϕ1(u
′)| = m′|ϕ1(u)|,
where m′ is a divisor of m. Since u′m ∈ C and u′m
′|ϕ1(u)| ∈ Ker ϕ1 ⊂ C then
u′m
′
∈ C. Hence we deduce that m′ = m and |ϕ1(u
′)| = m|ϕ1(u)|. We may
assume that ϕ1(χz,µ,ν) ∈ 〈ϕ1(u
′)〉.
Let Γ be the Cayley graph of the group ϕ1(G). Consider an arbitrary vertex
r in the graph Γ and a path L = f1...ft starting at r such that Lab(L) is
the normal form of χz,µ,ν . Suppose that ω(L) = q. By the assumption, there
exists a u′-cycle S = e1...ek starting at q, and there exists an edge el such that
ω(el) = α(L) and Lab(e1...el) = u
′v. Let ∆1, ...,∆p be copies of the graph Γ and
let eji be the edge of ∆j corresponding to the edge ei in Γ. Let χz,µ,ν = x1...xs,
be the normal form of χz,µ,ν .
If yn ∈ A then D denotes A and F denotes B, if yn ∈ B then D denotes B,
and F denotes A.
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If x1 and yn belong to different free factors, we construct the graph ∆ =
γp(Γ; r, ω(el+1);D,D) from the copies ∆i.
If x1 and yn belong to the same free factor, then we construct the graph
∆ = γp(Γ; r, α(el);F, F ) from the copies ∆i.
It is obvious that the length of each u′-cycle equals either |ϕ1(u
′)| or p|ϕ1(u
′)|
in ∆. Besides, the length of each w-cycle equals either |ϕ1(w)| or p|ϕ1(w)| in ∆
for any w ∈ S. The groupG acts on the right on the set of vertices of ∆. Besides,
if ri is a vertex of ∆i corresponding to the vertex r of Γ, then ri · χz,µ,νu
l 6= ri
in ∆ for any integer l. Thus, we found the required homomorphism ϕz,µ,ν .
Besides, |ϕz,µ,ν(u
′)| = m|ϕz,µ,ν(u)| and ϕz,µ,ν(w) — nonunit p-element for any
w ∈ S.
Consider a homomorphism ϕu : G →
∏
z,µ,ν(ϕz,µ,ν(G)) defined by the for-
mula: g 7→
∏
z,µ,ν ϕz,µ,ν(g), where z ∈ A ∪ B, 1 6 µ, ν 6 n and if z = 1 then
µ 6= ν+1, ν−µ < n−1. In the Cayley graph Cay(ϕu(G)) of the group ϕu(G) all
u′-cycles have no close edges and, ϕu(w) — is a nonunit p-element for any w ∈ S.
Furthermore |ϕu(u
′)| is the less common multiple of numbers m|ϕz,µ,ν(u)| that
is m|ϕu(u)|. Hence all u-cycles in Cay(ϕu(G)) also have no close edges. It is
obvious that the homomorphism ϕ : G→
∏
u∈S(ϕu(G)) defined by the formula
g 7→
∏
u∈S ϕu(g) is as required.
Lemma 3. Suppose that G = A ∗ B, where A and B are finite groups,
u1, ..., um are cyclically reduced elements of the Cartesian subgroup such that
each two of them do not belong to conjugate cyclic subgroups, pi is a finite set
of prime numbers. Besides ui = u
′mi
i , where u
′
i is not a proper power and if
mi > 1 then for each m
′
i 6= mi such that m
′
i|mi u
′m′i
i /∈ C. Then there exists
a homomorphism ϕ of G onto a finite group such that the images of u1, ..., um
have pairwise different orders and p ∤ |ϕ(ui)| for each i and for each p ∈ pi.
Proof.
Let us prove by the induction on m. If m = 1, the assertion follows from
Lemma 1.
Let us prove the following statement. For elements u1, ..., um, there exists a
homomorphism ϕ1 of G onto a finite group such that the images of u1, ..., um
are nonidentity p-elements, p /∈ pi; in addition {u1, ..., um} = α∪β, where α and
β are nonempty sets with empty intersection, moreover, for each ui ∈ α and
uj ∈ β, we have |ϕ1(ui)| > |ϕ1(uj)|.
According to Lemma 2, there exists a homomorphism ψ of G onto a finite
group such that ψ(u1), ..., ψ(um) are nonidentity p-elements, where p is a prime
and p /∈ pi. Furthermore, if Γ is the Cayley graph of the group ψ(G), then, in
the graph Γ, all ui-cycles have no close edges for each i. We may assume that
|ψ(u1)| = ... = |ψ(um)|. Consider some set of nonnegative integers k. For each
k from this set, we construct a graph Γk satisfying (1), (2), and the following
properties:
(3) the lengths of maximal ui-cycles coincide for i = 1, . . . ,m;
(4) for each i, the length of each ui-cycle divides the length of a maximal
ui-cycle;
(5) ui-cycles have no close edges;
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(6) if k > 0, then there exists a path Rk of length k lying in some maximal
u1-cycle and in all maximal uj-cycles for each j = 2, ...,m;
Properties (1), (2) and (3)–(6) are obviously true for the graph Γ0 = Γ.
Having a graph Γk, we construct a new graph Γ
∗
k+1 satisfying Properties
(1), (2) and (4), (5). Hence we shall deduce that this graph satisfies Properties
(3), (6) so we put Γk+1 = Γ
∗
k+1; otherwise, owing to the Property (5), we will
prove that the least common multiple of the lengths of all u1-cycles and the
least common multiple of the lengths of all uj-cycles in Γ
∗
k+1 do not coincide for
some j.
Let n be the length of a maximal u1-cycle in Γk. Consider a u1-cycle S in
Γk of length n. Suppose that if k > 0 then S contains Rk.
Suppose that k = 0. Let S = f1...fk. Put s = ω(f1) and t = ω(f2). If
Lab(f1) ∈ A then D denotes A and F denotes B, if Lab(f1) ∈ B then D
denotes B and F denotes A. Consider the graph Γ∗1 = γn2(γn(Γ0; s;D); t2,1;F ).
Let t2 ∈ γn(Γ0; s;D) be the vertex of the second copy of Γ0 corresponding to t.
Then t2,1 ∈ Γ
∗
1 is the vertex corresponding to t2, which belongs the first copy
of the γn(Γ0; s;D). Put R
′
1 = f
′
2, where f
′
2 is the edge of the graph Γ
∗
1 labelled
Lab(f2) and starting at the vertex t2,1.
Consider the case k > 0. Suppose that f is the edge of S next to ω(Rk),
where S is a maximal u1-cycle containing Rk. If Lab(f) ∈ A then D denotes
A, if Lab(f) ∈ B then D denotes B. Put q = ω(f). Consider the graph
Γ∗k+1 = γn(Γk; q;D). Put R
′
k+1 = Rk,1 ∪ f1, where the path Rk,1 and the edge
f1 belong to the first copy of Γk in Γ
∗
k+1 and correspond to Rk and f .
Consider a graph X , satisfying Properties (1),(2). Suppose that p is a vertex
of X and each u1-cycle in X has no close edges, then, in the graph γr(X ; p;K),
where K is A or B, each u1-cycle V is the union of r copies of a u1-cycle W
of the graph X . This means that, if W has no close edges, then V has no
close edges too. Let l(V ) and l(W ) be the lengths of the u1-cycles V and W
respectively. Since V and W have no close edges l(V )=rl(W ). Owing to these
properties, we conclude that the graph Γ∗k+1 satisfies Property (5), and since
Γ∗k+1 = γn(Y ; z;K), n and length of each ui-cycle of the graph Y for i = 1, . . . ,m
are powers of p Property (4) is also fulfilled for the graph Γ∗k+1.
The length of S becomes n times greater, and there exists a uj-cycles in
Γk, whose length also becomes n times greater in Γ
∗
k+1 for each j = 2, ...,m.
Properties (4) and (5) shows that, if there exists a uj-cycle in Γ
∗
k+1, whose
length coincide with the length of a u1-cycle which is maximal in Γ
∗
k+1, then
this uj-cycle must contain the path R
′
k+1. So if we suppose that Condition (3) is
fulfilled for Γ∗k+1, then R
′
k+1 is contained in all maximal uj-cycles of Γ
∗
k+1 and,
if this is true for each j = 2, ...,m, then this graph satisfies Property (6), and
we put Γk+1 = Γ
∗
k+1 and Rk+1 = R
′
k+1. Since u1, uj do not belong to conjugate
cyclic subgroups for each j = 2, ...,m, there exists a number k such that the
graph Γ∗k+1 does not satisfy Property (3). In this case Property (4) shows that
the least common multiple of the lengths of all u1-cycles and the least common
multiple of the lengths of all uj-cycles in Γ
∗
k+1 are different for some j = 2, ...,m.
So if ϕ1 is the homomorphism of the group G which corresponds to the action
of G on the set of vertices of the graph Γ∗k+1 then ϕ1(G) is a finite group and
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ϕ1(u1), ..., ϕ1(um) are nonidentity p-elements and {u1, ..., um} = α ∪ β, where
α and β are nonempty sets with empty intersection, moreover, for each ui ∈ α
and uj ∈ β, we have |ϕ1(ui)| > |ϕ1(uj)|.
If m = 2 the proof of this statement shows that lemma 3 is true for the case
m = 2. So we may apply the induction on m.
The set {u1, ..., um} can be presented as the union of two disjoint subsets
{z1, ..., zs} and {y1, ..., yr} and, for each i and j such that 1 6 i 6 s and 1 6
j 6 r, we have |ϕ1(zi)| > |ϕ1(yj)|. Besides, ϕ1(u1), ..., ϕ1(um) are nonidentity
p-elements.
Put pi′ = pi ∪ p. By the induction hypothesis, there exists a homomorphism
ϕ2 of group G onto a finite group such that the images of y1, ..., yr have pairwise
different orders and p ∤ |ϕ2(yi)| for each i and each p ∈ pi
′
Suppose that ρ is the set of all prime divisors of the numbers |ϕ2(u1)|,. . . ,
|ϕ2(um)|, pi
′′ = pi′ ∪ ρ. By the induction hypothesis, there exists a homomor-
phism ϕ3 satisfying the requirements for elements {z1, ..., zs} and the set of
primes pi′′. The homomorphism ϕ : G→ ϕ1(G)×ϕ2(G)×ϕ3(G) defined by the
formula ϕ : g 7→ (ϕ1(g), ϕ2(g), ϕ3(g)) is as required.
Lemma 4. Suppose that G = A ∗B, where the groups A and B are finite,
w is a nonidentity cyclically reduced element of the Cartesian subgroup C, and
the integers k1, ..., kl have pairwise different absolute values. Then there exists
a homomorphism ϕ of G onto a finite group such that the orders of the images
of the elements wk1 , ..., wkl are pairwise different.
Proof.
For each prime divisor pi of k1...kl, take a positive integer ni such that p
ni
i
does not divide k1...kl. According to Lemma 1, there exists a homomorphism
ϕpi of G onto a finite group such that ϕpi(w) is a pi-element and |ϕpi (w)| >
pnii . Let p1, ..., ps be the set of prime divisors of the numbers k1, ..., kl. Then
the homomorphism ϕ : G → ϕp1 (G) × ... × ϕps(G) defined by the formula
ϕ : g 7→
∏s
i=1 ϕpi(g) is as required.
4 Proof of Theorems.
For each homomorphisms ϕ and ψ of groups A and B respectively we define
the homomorphism ϕ ∗ ψ of A ∗B by the following way. If s = s1...sk ∈ A ∗ B
is the normal form of s, then ϕ ∗ ψ(s) = φ1(s1)...φk(sk), where φi = ϕ in case
si ∈ A and φi = ψ if si ∈ B.
Proof of Theorems 1 and 2.
Suppose that G = A ∗ B where A and B are either infinite cyclic groups or
periodic n-element order separable for each n groups such that |a| 6= |b| for each
a ∈ A \ {1} and b ∈ B \ {1}.
Consider the elements u1, ..., un of A ∗ B such that ui and u
±1
j are not
conjugate for i 6= j
Without loss of generality, we assume that u1, ..., un are cyclically reduced.
Consider the following decomposition of the set {u1, ..., un} = α ∪ β ∪ γ, where
the sets α, β, and γ are disjoint. The set α consists of all elements of the
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group A, β consists of all elements of the group B, γ consists of all elements not
belonging to A ∪B.
We shall prove that there exist homomorphisms ϕ and ψ of A and B respec-
tively onto finite groups such that the orders of the images of elements of the set
α∪ β are pairwise different, each element of the set α∪ β \ {1} does not belong
to the kernel of ϕ or ψ, and the images of elements of γ do not belong to groups
conjugate to ϕ(A) or ψ(B) after the homomorphism ϕ ∗ ψ of the group G, and
the elements {ϕ ∗ ψ(u1), ..., ϕ ∗ ψ(un)} are such that ϕ ∗ ψ(ui) and ϕ ∗ ψ(u
±1
j )
are not conjugate for i 6= j.
Consider the set
Λ = α ∪Ω ∪ (Ω · Ω−1),
where Ω is the set of all elements of the group A occurring in the normal forms
of the elements of γ ( if Ω = {ωj|j ∈ J} then Ω · Ω
−1 = {ωjω
−1
k |j, k ∈ J}).
Next, let us choose a maximal subset Λ′ of Λ such that for each different x and
y from Λ′ x and y±1 are not conjugate. Note that 1 ∈ Λ′.
Consider a homomorphism ϕ of the group A onto a finite group such that
the orders of the images of elements from Λ′ are pairwise different.
Similarly, we consider a homomorphism ψ of B for the corresponding ele-
ments of this group. Thus, we may assume that A and B are finite ( we may
consider that for each a ∈ α, b ∈ β, the elements ϕ ∗ψ(a) and ϕ ∗ψ(b) have dif-
ferent orders, because of the properties of the free factors). If the set γ is empty
use the residual finiteness of the group A ∗ B. Suppose that γ is not empty.
We may also assume that the set γ lies in the Cartesian subgroup. Indeed,
|G : C| < ∞. Hence, there exists a positive integer l such that ul ∈ C for each
u ∈ γ. If there exists a homomorphism such that the orders of the images of
ul are pairwise different for each u from γ, then the same is true for the images
of the elements u. Furthermore, if x, y /∈ A ∪B, x and y are cyclically reduced
and nonconjugate, then xn and yn are nonconjugate for each n (Combinatorial
group theory, Springer-Verlag, theorem 1.4). Let us decompose the image of the
set γ into a union of disjoint subsets α1, ..., αs, where αi is a maximal subset
in γ such that each element of αi belongs the cyclic subgroup conjugate to the
subgroup generated by some element wi, and wi is the same for each element
of αi. We may assume that the set αi consists of elements w
kij
i , and wi is not
a proper power. Let di be the greatest common divisor of numbers kij where i
is fixed. Then wdii ∈ C. There exists the number mi such that mi|di, w
mi
i ∈ C
and if mi > 1 then for each divisor m
′
i of mi which is less than mi w
m′i
i /∈ C.
Thus we may consider that the set αi consists of elements w
kij
i , wi ∈ C and if
wi = w
′mi
i , where w
′
i is not a proper power then w
′m′i
i /∈ C for each m
′
i such
that m′i < mi,m
′
i|mi. By Lemma 4, for each αi, there exists a homomorphism
ϕi such that the orders of elements from ϕi(αi) are pairwise different.
The orders of the images of the elements from α ∪ β after ϕi are pairwise
different because ϕi |A, ϕi |B are injective.
The set αi consists of elements w
kij
i . Let pi be the set consisting of prime
divisors of the orders of elements ϕi(αi) and of the images of α and β under
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the homomorphism G→ ϕ1(G) × ...× ϕs(G) defined by g 7→ (ϕ1(g), ..., ϕs(g)).
By Lemma 3 there exists a homomorphism ψ such that the orders of elements
ψ(w1), ..., ψ(ws) are pairwise different and p ∤ |ψ(wi)| for each i and for each
p ∈ pi and ψ |A, ψ |B are injective.
The homomorphism χ : G→ ϕ1(G)× ...×ϕs(G)×ψ(G) defined by χ : g 7→
(ϕ1(g), ..., ϕs(g), ψ(g)) is as required.
Proof of Theorem 3.
It is sufficient to show, how to reduce the general case to the case, when the
free factors are finite. The proof of this particular case is similar to the proof of
Theorems 1 and 2, because after we reduced the general case to this particular
case we did not use any properties of finite free factors.
Suppose the elements u, v, w are cyclically reduced and, if x and y are two
different elements from {u, v, w}, then x and y±1 are not conjugate.
If none of these elements lies in A, or none of them lies in B, then the proof
is the same as the proof of Theorems 1 and 2. Thus, we have to consider two
cases: u ∈ A \ e, v ∈ B,w /∈ A∪B or u, v ∈ A,w ∈ B \ e. In the first case, there
exists a homomorphism ϕ1 of A onto a finite group such that ϕ1(u) 6= e and
the image of w does not belong to a group conjugate to the image of some free
factor after the corresponding homomorphism of the group G, besides, if the
order of u is infinite and the order of v is finite, we may assume that ϕ1(u
p) 6= e
for each divisor p of |v|. There exists a homomorphism ϕ2 of B onto a finite
group such that ϕ2(v
|ϕ1(u)|) 6= e if v 6= e. In addition, the image of ϕ1∗id(w)
does not belong to a group conjugate to the image of a free factor after the
corresponding homomorphism of ϕ1(A) ∗ B. If v = e, then it is sufficient to
satisfy the first condition. In this case, we use the residual finiteness of A and
B.
In the second case, if u 6= e, v 6= e there exists a homomorphism ϕ1 of A
onto a finite group such that |ϕ1(u)| 6= |ϕ1(v)| and ϕ1(u) 6= e, ϕ1(v) 6= e. The
homomorphism ϕ1 with the above properties exists because the group A is 3-
element order separable, and the natural homomorphism ϕ2 : ϕ1(A) ∗ B →
ϕ1(A) is as required. Suppose that u = e. If the orders of v and w are finite
then |v| and |w| are coprime and we use the residual finiteness of G. Consider
the case u = e and the order of v is infinite. Since the group A is residually finite
there exists a homomorphism ϕ1 of A onto a finite group such that ϕ1(v) 6= e.
And if the order of w is finite we may consider that ϕ1(v
p) 6= e for each divisor
p of |w|. The group B is residually finite so there exists a homomorphism ϕ2
of B onto a finite group such that ϕ2(w
|ϕ1(v)|) 6= e, and we use the residual
finiteness of the group ϕ1(A) ∗ ϕ2(B).
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